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This paper is devoted to a consideration of the following problem: A 
spherical mass of fluid of density pi, viscosity pi and external radius R is 
surroundedby a fluid of density pz andviscosity pr.The fluidsare immisci- 
ble and incompressible. The interface is accelerated radially by g,: to 
study the effect of viscosity and surface tension on the stability of the 
interface. By analyzing the problem in spherical harmonics the mathe- 
matical problem is reduced to one of solution of the characteristic 
determinant equation. The particular case of a cavity bubble, where the 
viscosity pi of the fluid inside the bubble is negligible in comparisonwith 
the viscosity pcL2 of the fluid outside the bubble, is considered in some 
detail. It is shown that viscosity has a stabilizing role on the interface; 
and when g, > T(n - 1) (n + 2)/Rz(pz - pi) the stabilizing role of both 
viscosity and surface tension is more pronounced than would result when 
either of them is taken individually. 
INTRODUCTION 
In a well-known paper, Sir Geoffrey Taylor [l] discusses the instability of 
a small disturbance imposed on the plane interface separating two infinitely 
extending fluids of different densities, when the system is undergoing a 
constant normal acceleration. His conclusions are now classic: “The inter- 
face is stable or unstable according as the acceleration is directed from heavier 
to the lighter or vice versa.” The treatment is limited to small amplitude 
perturbations of a plane interface separating two incompressible nonviscous 
fluids. Surface tension effects are ignored. Considering a simple sinusoidal 
initial disturbance of amplitude a and wave number K the interface r] is 
given by: 
rl = a cash (nt) cos (Kx) 
* This paper forms part of a thesis submitted by the author for the degree of 
Master of Science in Engineering of the Indian Institute of Science, Bangalore. 
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where the growth factor II is defined by: 
d = - ;-;* (g + g,) k 
where p1 and ps are the densities of the lighter and heavier fluids respectively, 
g is the usual gravitational constant, and g, the imposed upward acceleration. 
Thus, if the imposed acceleration is directed from the lighter towards the 
heavier fluid, it will have a destabilizing effect on the system. 
The spherical stability problem has applications to the behaviour of under- 
water explosion bubbles. The application for gas filled bubbles forming 
spherical interfaces of two immiscible fluids was worked out by Binnie [2]. 
For perturbation of the spherical interface between two immiscible fluids 
of different densities accelerated radially in an incompressible, nonviscous 
medium, he has shown the stabilizing role of surface tension and has sug- 
gested that surface tension may even be sufficient to compensate for Taylor 
instability. The interface radius rs at any instant is given by rs = R + ASneut; 
where R is the mean radius, A is a constant, S, is the spherical surface 
harmonic of order n, (T is an exponential time factor defined by 
$ = (P2 - Pl) f - An - 1) (z + 2)/p- 
t +S$+ 
where p1 and pz are the densities of the fluids inside and outside the bubble 
respectively, f is the imposed radial acceleration, and y is the surface tension 
constant. 
Bellman and Penington [3] have generalized the problem of Taylor insta- 
bility further by taking surface tension and viscosity into consideration for 
the plane interface case. Their result shows the damping effect of viscosity 
and surface tension on the interface. They showed in the case of surface 
tension taken into consideration the growth factor n is given by: 
n2 = JPZ - PI) (g l tgd k T /$ 
Pz + Pl Pz + Pl 
where T is the surface tension of the interface. This equation indicates the 
existence of a cutoff wave number kc, i.e., a wave number such that no insta- 
bility occurs for k > k, where 
k, = (6% - d k + 81) “’ 
T 1 
They further showed that the cutoff wave number given above remains 
unchanged when viscous effects are also taken into account. In their work, 
however, they note a dilemma, for, according to their solution, it is impossible 
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to start the motion from rest. They attributed this to the linearization per- 
formed in their analysis. Carrier and Chang [4] have solved this initial value 
problem. They find that, as a result, the time history of the interface is given 
by a more complicated expression than theirs, but the cutoff wave number 
as found by Bellman and Pennington is not modified. 
The purpose of this paper is to show that the effect of viscosity and sur- 
face tension on the spherical interface separating two incompressible immisci- 
ble fiuids of different densities is to retard its growth. The characteristic 
determinant is given for the general case. The determinant is solved for an 
air-liquid system. The equations comprising the growth factor are given in 
Eq. (22) and (31) for the two cases dealt with here. 
Case 1. Effect of Viscosity 
To make the problem tractable mathematically, it will be idealized by 
regarding the motion as symmetrical and extending to infinity. The effect 
of gravity is neglected. The fluid is considered to be incompressible but 
viscous. Surface tension effects are ignored. We consider a hollow sphere 
of liquid of density pl, viscosity pl, and external radius R surrounded by a 
liquid of density pz and viscosity pcLz. The interface is accelerated in the radial 
direction by g, away from the center of the sphere. 
Employing a system of spherical coordinates (r, 8, v) with the origin at the 
center of the bubble, the linearized hydrodynamic equations governing the 
motion of the viscous incompressible fluid, with independence on p are: 
The continuity equation 
f $ (r’u) + A0 $ (v sin 8) = 0 
and the Navier-Stokes equations 
and 
Here u and v denote the components of velocity in the radial and transverse 
directions respectively, p is the mean pressure, g, is the radial acceleration, 
and Y is the coefficient of kinetic viscosity. 
These are satisfied by taking 
%J 1 a* -- 
u = - 5 - r2 sin 0 &9 (4) 
(5) 
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and 
891 
P = PO - IhP + P z 
Provided, 
and 
v2p, = 0 
a* vE2a+G = at 
(6) 
(7) 
(8) 
where V2 is the usual Laplacian operator, namely, 
v2=f&p$j + p&k (Si+jj 
and 
Jj2= a2 
i at-2 
+(I -p) a2 
-yF-y$jjc 1 
where F; = cos 6’ and # is the disturbance stream function. 
For the liquid inside the sphere (Y < R) we take 
y1 = A +- a P,(cos e) et i 1 (9) 
and 
3+bl = Br1/21n+l,2(hlr) sin2 I%@ & P, (cos 19) 
and for the liquid outside the sphere we take (Y > R) 
P, (COS e) cot 
and 
d 
G2 = D~~l~K,+~,~(h~r) sin2 &at d (cos e) P, (cos 0) 
(11) 
(12) 
where P,(cos 0) is the Legendre’s Polynominal (zonal harmonics) of order n. 
I, and K,, are the modified Bessel functions of the first and second kind 
respectively. o is the exponential time factor to be determined. If the real 
part of u is negative, the interface is stable, whereas a positive real part 
indicates instability. Here 
p - apl . 
1 
Pl ' 
A2 - up2 
2 
P2 
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The particular choice of v1 and ~a is obvious as they satisfy Laplace’s 
equation and remain finite as r --f 0 I -+ 03, respectively. Similarly, & and #a 
satisfy Eq. (8) an d remain finite as r --t 0 and r + 03 respectively. 
Let the interface be given at any instant by r, = ~(4, t). Neglecting non- 
linear terms, 
dv _ drs 
dt --2T- 
u at the interface. 
Therefore, integrating, 
77 = s 1 (uJrcRdt = - nPn ‘“,“” @ @ [$ + +$$ In+1,3(~1R) B] 
(13) 
Since u1 = ua at the interface, 7 can also be written as: 
7 = s 1 (z&,&t = P, (cos f?) Ft(n + 1) u [ C -- R j& Kz+1/2(~2R) D] (13a) 
The boundary conditions at the interface are: 
1. The radial velocities are continuous, i.e., ur = ua. 
2. The tangential velocities are continuous, i.e., or = va. 
3. The radial and tangential stresses should be continuous. 
The last two conditions state the conditions for the equality of the stress 
tensor. Symbolically, 
( 
1 a93 + 1 at4 ati2 --- -- --- -__ 
r ae Y sin e ar r=R = ) ( 
1 ap2 + 1 
r ae 1 rsine at- T=R (15) 
and 
( (16) T=R r-R 
p1 YW-T+ ar ( 
1 au, vl av, 
-1 r=R =p2 73iF-F+ ( 
1 au, v2 av, 
-) ar 
(17) r=R 
The requirement that a solution of Eq. (7) and (8) satisfies the preceeding 
boundary conditions will determine a sequence of possible values for a and 
the sign and the magnitude of the real part of u, whether or not the initial 
state is stable, and will determine the rate of decay (or growth) of the disturb- 
ance. 
Substitution of (9) to (12) in these four equations yields four conditions 
on the constants A, B, C and D. 
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The conditions (14) and (15) yield: 
and 
The conditions (16) and (17) yield after simplification: 
_ gl(P2 - Pl) n 
Ru 
+pla+2k%n(n-1) A 
R2 1 
- g1(p2 - A In+l,2(hlR) n(n + 1) R3k 
+ B 
+ 211.14n + 1) [%{‘-3i2~~+~i2(X,r)}]~=R 
- 
[ 
p2u + zp2 @ + l) tn + 2) 
R2 I 
c 
- G24n + 1) 1-g [~-3~“%+l12@2~)l 1 D=O (20) 
r=R 
2n(n + 1) + 
0 
htRZI 
n+l/2Gw 
%-41(n - 1) A + ~1 B 
2n(n + 1) + hiRReK 
d/Ii 
n+1/2@24 
+ 2p2tn + 2) C - ~2 D=O 
(21) 
The equations (18) to (21) represent a system of linear homogeneous 
equations for the constants A, B, C and D. They have a nontrivial solution 
if and only if the determinant of the coefficients vanishes. By equating the 
determinants of the equations to zero we shall obtain the desired character- 
istic equation for a, viz. 
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It is shown by Binnie [2] for a spherical interface accelerated radially, 
and in the absence of surface tension the growth factor is given by 
(P2 - PI)& 
u2 = h/n + d(n + 111 R
where g, is the radial acceleration and R is the mean radius. 
The effect of viscosity on the interface is clear intuitively from physical 
grounds. It is not to be expected to remove the instability, but only to reduce 
the growth of the disturbance. Therefore, when g, is positive, it is to be 
expected that there is at least one root of (23) such that the real part of a is less 
than 
(f2 - dg1 
h/n + td(n + 111 R 
In reducing the determinant (23) one must make use of the various recur- 
rence formulas satisfied by modified Bessel functions [5]. On expanding 
the determinant after some straightforward but lengthy reductions Eq. (23) 
reduces to 
f(u) = a [np2u2 + (n + 1) proa - + + l) $2 - Pi)] 
+ 2b + 2) P2 u 
[ 
(27~~ + 1) &+11202R) + P + 1) UK-,/,(M) -- 
R2 (2n + 1) &-112(h2R) + UK-,/d&R> 1 
+ (’ + ‘) f1p2u2 In+l,2(h,R) 
2/R 
x 
L 
G’n + 1) WG+I&R) + (1 - n”> LdW 
(2n + 1) K--1/2(~2R) + A,W-,/2(~2R) I 
= o 
where 
01 = hlpZ fl In+3,2(hlR) = positive. 
When a = 0, 
f(u) = _ n(n + 1) &2 - Pl) 
R 
which is negative for positive g,. When 
(24) 
[ nfP2 + (n + 1) f202 - 
n(n + I)&(f2-fP,) 
R 1 =-) 
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i.e., 
f(u) = 2(n + 2) t+z u 
[ 
P2 + 1) Ka-,/2(~2R) + (2n + 1) WG-,/2&R) 
R” (2n + 1) K-,/,(A24 + M=n-,/,&R) 1 
+ @ + ‘) P1p2a2 I,+,,,(h,R) 
2/x 
x 
[ 
(2n + 1) ~2R~,+112(~2~) + (1 - n”) %-1/2(h,N 
P + 1) %-1/2(X,R) + hRLdU’9 I 
This is positive since the K,‘s are positive. Hence there is a positive root 
between u = 0 and u = (p2 - pi)gi/[pi/n + p2/(n + l)] R. At the root, a 
is less than b2 - dgllldn + Pi/@ + 111 R. 
Case 2. Effect of Viscosity and Surface Tension 
In this case the results of the previous case are modified to give an over-all 
picture including both surface tension and viscosity. The procedure will be 
similar to that of previous case where viscosity alone was considered and alter 
it to include surface tension also. This is done by replacing Eq. (16) stating the 
continuity of the radial stress at the boundary by the equation: 
,-,‘=T(h+$ (25) 
This states that the difference of radial stresses between inside and outside 
the boundary is balanced by the surface tension of the boundary. In the 
above equation p and p’ are the radial stresses inside and outside the sphere 
respectively, T is the surface tension constant, and RI and R, are the prin- 
cipal radii of curvature considered positive if their centers of curvature lie 
on the side to which the superscript does not refer. The interface as given 
by (13a) is 
=P,(cosO)f+ 
[ 
(n + l)C--(n + 1) 
0 R R3,2 K+I,&R)] = R + 6 
where 
5rP”(c4et 
U [ 
(n + l)C--n(” + 
R P/2 
‘lDK 
n+1,2@2W] - R 
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Lamb [4] has shown for the interface that the sum of the principal radii of 
curvature is given by: 
f+k=3+ (n-lJ$+2) 
1 2 
(26) 
Using this and (20) condition (25) becomes, 
[ 
_ g1b2 - Pl> * 
RCT 
+ pla + 2Ph - 1) 
R2 1 A 
i 
_ glh - d + + ‘) [,+,,,(/\,R) 
R3k 
+ B 
+ 2Pl@ + 1) [~{y-3'ar.,,i2ch,r,~]~~~ 
_ 
[ 
p2u + 2/lz(n + l)(n + 2) + T(n - 1) (n + I)@ + 2) 
R2 R% 1 c 
- 2tL2e + 1) [~{'-3'2K,+li2(h2~)}] 
r=R 
+ 
1 
D=O 
+ T(n - I) n(n + I) cn + 2, K,+1,2(X2R) 
RV& 
(27) 
The other conditions on A, B, C and D remain the same as before, namely, 
*A -tncn + I>I 
n 
.+l/zGWB + (n + 1) C -""n&!' &+l/,(Q)D = 0 
(W 
A +[~{~~r.+,,,(hl~)}]_~B - C - [; 
and 
I 
2n(n + 1) + h;R2 
c 4+1/2&R) 
2Pl@ - 1) A + Pl B 
/ 
2n(n + ') + wKn+112(h2R) 
a 
+ 2/42(n + 2) c -P2 D=O 
(30) 
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After simplification this reduces to 
np,a2 + (n + 1) p# - n(n + 1) glb2 - PJ R 
F(o) = a 
+ Wn - 1) (n + 1) (n + 2) 
R3 ! 
+ 2(n + 2) h u (2n2 + 1) Ll/2(h2R) + (2n + 1) UK-3/&R) 
R2 [ P + 1) LdW + UK+3/2GW 1 
+ @ + *) p1p2’=2 In+,,,(h,R) 
dE 
x (2n + 1) h2R&+1/2(h2R) + (1 - 4 ILI~(~~R) = o 
(2n + 1) ILI~(~~R) + h2RL3/,(h2R) 
(33) 
where 
a = Alp2 1/IT In+3.z(X1R) = positive. 
From this we can ,obtain Binnie’s result as a special case. Putting pa = 0, 
in (33) we have, 
np2uz + (n + 1) pla2 - n(n + 1) idP‘2 - PI) R 
+ Tn(n - 1) (n + 1) (n + 2) = 0 
R3 
Us = (Pz - PI) g1 - T(” - 1) (n + a/R2 
h/n + p2/(n + 1)l R 
This is precisely the equation for the growth factor u given by Binnie [2]. 
Writing (p2 - pr) g, - T(n - 1) (rz + 2)/R2 = fl Binnie found that there 
was instability for /3 > 0, i.e., g, > T(n - 1) (n + 2)/R2(p2 - pl). It will 
be seen that this still holds good. 
When a = 0, F(U) = - /3, which is negative for positive j3. 
When u = p, F(u) = positive since In’s are all positive. 
Therefore there is a positive root of F(o) = 0 which lies between u = 0 
and u = 8. At the root, u < /I. This merely states that the rate of growth of 
disturbance when both viscosity and surface tension are considered is less 
than when surface tension alone is considered. 
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Similarly, 
when u = 0, F(a) = - /? which is negative 
when u is a root of (24) 
F(o) =tn + l) p1~2u2 In+l,2(X1R) nv= 
x 
[ 
(2n + 1) ~2=,+1/2(~24 + (1 - n2> Ka-I/2(~2W 
(2n + 1) L1/2(~24 + ~2~K+.,/2(~2R) 1 
+ (n + 1) pro2 + ‘(’ +i)glfl which is positive. 
Therefore there is a positive root of F(u) = 0 which is less than the root 
of (24). This is merely a statement of the physical fact that the rate of growth 
of the disturbance when both viscosity and surface tension are considered 
is less than when viscosity alone is considered. 
CONCLUSION 
The effect of viscosity on the spherical interface between two incompres- 
sible and immiscible fluids of different densities undergoing radial accelera- 
tion is to stabilize it; and when g, > T(n - 1) (n + 2)/R2(p, - pr), the 
effect of both viscosity and surface tension on the interface is to stabilize 
it further than would result when either of them is taken separately. 
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